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Abstract

In this paper we established a fixed point theorem for multivalued contractive mappings in
cone metric space which generalize the common unique fixed point theorem to the case of
multivalued mappings in cone metric space. Our results are the extensions of the results

obtained by Mohammad et.al [10] to the case of cone metric spaces.
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1. Introduction:

Cone metric spaces were introduced in [6]. After carefully defining convergence and
completeness in cone metric spaces, the authors proved some fixed point theorems of
contractive mappings. Recently,many authors have established and extended different
type of contractive mappings in cone metric spaces see for instances [3], [4], [7], [9], The
author [3] have also proved fixed point in cone metric space for generalized contractive
mappings. The purpose of this paper is extension and proves the common unique fixed
point of the results [3],[6] and [10].Our results extend the various comparable results in
literature [4], [6], and [7] First, we recall some standard notations and definitions in cone

metric spaces with some of their properties [3].
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2.Preliminaries.

We recall the definitions and example as well as some properties of cone metric spaces which

are necessary for a good understanding of the work below.

Definition 2.1.[6].Let E be a real Banach space and P a subset of E. P is called a cone if and

only if

(1) P is closed, nonempty, and P +# {0},

(i)  ax+ by € PV x,y € P and non-negative real number a, b;

(iii) xePand—x€P=x=0< Pn(—P)={0}.
Givenacone P c E, we define a partial ordering < with respectto P by x < y if and
onlyify—x € P.Wewritex < ytoindicatethatx < ybutx # y, whilex « yif
and only if y —x € Int P, Int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that forall x,y € E,0 <x <
y implies ||x|| < K < ||yll . The least positive number satisfying above is called the normal

constant of P.

In the following, we always suppose E is a Banach space, P isacone in E with IntP # ¢

and < is partial ordering with respect to P.
Definition 2.2. [6] - Let X be a nonempty set. Suppose the mapping d: X X X — E satisfies

Q) 0<d(x,y)Vx,y e Xandd(x,y) = 0ifandonly if x = y;
@iy d(x,y)=dy,x)Vx,y € X;
@iii)  d(x,y) <d(x,z) +d(z,y)vVx,y,z€ X

Then d is called cone metric on X, and (X, d) is called a cone metric space.
Example 2.3. LetE = R%,P = {(x,y) € E:x,y = 0} € R>,X = Rand

d: X XX - Esuchthatd(x,y) = (J]x —y |, x —y]|), where co > 0 is a constant.

Then (X, d) is cone metric space.
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Definition 2.4. [6]. Let (X, d)be a cone metric space. Let {x, } be a sequence in X and x €
X. If for every c € E withO «< c, there is N such that foralln > N, d(x,,x) < c, then
{x,} is said to be convergent and {x,, }converges to x, and x is the limit of {x,,}. We denote

this by lim,,,,, x,, = xor x,, > xasn — oo,

Definition 2.5. [6] - Let (X, d)be a cone metric space, {x,, }be a sequence in X. If for any
¢ € E with 0 « c, there is N such that for all n,m > N, d (x,,x,) <c,then {x,} is called

a Cauchy sequence in X.

Lemma 2.6. [6]- Let (X, d) be a cone metric space, P be a normal cone with normal constant

K. Let {x, } be a sequence in X. Then

Q) {x, yconverges to x if and only if d(x,,,x) - oasn — ).
(i)  isa Cauchy sequence if and only if d(x,,y,) = o0 asn,m — o).

€

Proof. For every €> 0, choose ¢ € E with 0 «< c and ||c]|| < S

From x, - xand y, = vy,

there is N such that forall n > N,

d(x,,x) < cand d(y,,y) < c.

We have
d(xXn, Yn) < d(xp, %) +d(x,y) + d(y,y) < dx,y) + 2c,
d(x,y) < d(xy, x) +d(x, yi) + A, y) < d(xn, y,) + 2c.
Hence
0<d(x,y)+2c—d(x,,y,) < 4c.
and

ld (e, v) —dCe, V| < d(x,y) + 2¢ — d(x,, y) + || 2¢]| < (4k + 2)]|c|| <&

Therefore d(x,, y,,) = d(x,y)asn — oo.
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Definition 2.7. [3]Let (X, d) be a cone metric space, if every Cauchy sequence is convergent

in X, then X is called a complete cone metric space.

Lemma 2.8.[6]Let (X, d)be a cone metric space, P be a normal cone with normal constant K.

Let {x, }and {y, }be two sequences in X;

(i) If {x,, Jconverges to x and {x,, } converges to y, then x = y. That is the limit of
{x,,} is unique, obviously limit of {y, }is also unique.

(i) Ifx, - x,y, > yasn - o. Thend(x,,y,) » d(x,y)asn — ).

2. MAIN RESULTS

Theorem 3.1. Let(X, d) be a complete cone metric space. Suppose that Ty, T»: (X, d) —

(X, d) be any two contractive multivalued mapping satisfying:
F[H(Tix, Toy) < a[F{d(x,y) + d(Tix, T;¥)}] + BIF{d(x, T1x) + d(y, Toy)}]

F{d(x,T,y) + d(T1x,T,y)}
1-F{d(x,T,y)d(T\x,T;y)}

+y[F{(x, T2y) + d(y, T1x)}] + 6

VxyeXa+f+y+56<3; afye|03]and1—FdCx, ix)d(Tx, Tix)} > 0.
Then T;andT,have a unique common fixed point in X. For each x, y € X, the iterative

sequence {T; " x}converges to the unique fixed point.

Proof: Forall xo € X and n = 1,x1 € T1(Xg), <+ vev ver ve wee v, X1 € Ty (x,) Y iteration

method we have a sequence {x, } of unique point in X by letting

x1 =Ty (x0), %2 = T (63) = Ty2%0, e oo oo vee e Xpg = Ty = T1" X0, e e e
Then
Fld(xn 41, %) < F[H(Ty2y, T2 1)
< alF{d(xn, xn 1) + d(T1xn, Toxp 1)} + BIF{d(xy, T1xn) + d (1, T2 %5131
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F{d(x,, Tyxp—1) + d(Tyxp, Toxn_1)}
1= F{d(xp, Toxy—1)d(T1x, Toxn 1)}

+y[F{d(x,, Toxy—1) + d(xy—1, T1x,)}] + 6

< a[F{d(xn'xn—l) + d(xn+1'xn)}] + B[F{d(xn'xn+1) + d(xn—lfxn)}]

F{d(xnrxn) + d(xn+1'xn)}
1- F{d(xn'xn)d(xn+1'xn)}

+V[F{d(xn)xn) + d(xn—lfxn+1)}] +6

< al[F{d(xy, X, -1) + d(n41, )3 + BIF{d (X0, Xn41) + d (X1, %)}
+y[F{d(xn—1, Xn+1)3] + S[F{d Xy 41, %)}
< alF{d(xn, xn-1) + d(Xn41, %)} + BIF{d (X, X5 41) + d (-1, %)}
+Y[F{d (X, X0 41) + d (X1, )] + S[F{d (X 11, %) }]

=< ( a+ ﬁ + V)F[d(xn:xn+1) + d(xnrxn—l)] + S[F{d(xn—#l'xn)}]

= F[d (41, %) < (%) F[d(x,,x,-1)] where 1_:;’% =S
Hence F[d(x,41,%,) = S"F[d(x1,x0)] for n > m we have
Fld(xp, xm) < Fld(x,, %p_1) + A1, Xn_2)] + o vt e A (X1, X))
S[SPL 482483 4S5 e+ SMF{A (X, X))
gm
< mF{d(xpxo)}

For a natural number N;. Let d < 0 such that %F{d(xl,xo)} < d,vm = N;. Thus

d(x,,x,) <d forn>m.

Therefore{x, } is a Cauchy sequence in X. Since (X, d) be complete cone metric space,

3 x* € X such that x, - x* as n - oo. Choose a natural number N, such

thatF{d (x, +1,x,)} < (1 — t)%and F{d(x,+1,x)}< (1 —1) %,v n > N,. We have

F[d(Tlx*l x*) < F[H(Tlxn'Tl'X*) + d(Tlan-X*)]
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< alF{d(xn, x*) + d(Tixy, Tix ™)} + BIF{d(xn, T1x,) + d(x7, Tyx")}]

} . F{d(x,, T1x*) + d(Tyx,, T1x*)} .
V(e Tix) + ATy, 2]+ 6 g e o a4 Fld (T, )

< alF{d(xn, x*) + d(xp11, Tix )} + BIF{d(xn, X5 41) + d(x7, T1x")}]

F{d(x,, Tyx*) + d (%41, T1x")}
1- F{d(xn' T1X*)d(xn+1' T1X*)}

+y[F{d(x,, Tix") + d(Xy 41, X))} + 6 + Fld(xp11,x7)]

< alF{d(xn, x*) + d(xp11, Tix )} + BIF{d(xn, X5 41) + d(x7, T1x")}]
+y[F{d Qo Tix®) + d (1, X3 + FlAd (X410, X7)]

< alF{d(x,, x*) + d(xp41,x") + d(x*, T1x*)}]
+ BIF{d(xn, x™) + d(x", xp41) + d(x", T1x")}]
+ y[F{d(xp, x™) + d(x", T1x") + d(Xn 41, x)}] + F[d(Xn41,x7)]

= (1 - 0OF[d(T1x",x")] < t[F{d(x,, x")}] + t[F{d(xn1,x)}] + F[d(xp 11, x7)]
< [F{d (e, xM)3] + [F{d (o1, )3 + Fd (%041, x7)]
Where,t =a+ B +y

[F{d (e, x7)3] + [F{d Ceprr, x7)3 + F[d(xn+1,x*)'

= F[d(Tyx", x")] < (1-10)

Thus F[d(T;x*, x*)] < %,Vm >1,s0 % — F[d(Tyx*,x*)] € P,Vym > 1.Since% - 0as

m—ooandPis — F[d(Tyx*,x*)] € P.But d(Tyx*,x*) € P. Therefore, d(T;x*,x*) EP =0

and so, Ty x* = x*. Now if x**is another fixed point of T;.
Then Fld(x*,x™)] = F[d(T;x*, Ty x*)] < t[d(Tyx*, x*) + d(Tyx™*, x™] = 0.

Hence x* € Tyx* = x* € Tyx**. Therefore, x* is a unique fixed point of T;.
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Similarly, it can be established that x* € T;x* = x* € T,x*. Thus x*is the common unique

fixed point of T; and T>.

Theorem:3.2. Let (X, d) be a cone metric space and let Ty, T,: (X, d) = CB(X) be any two
multivalued mappings satisfying x,y € X,
F[H(Tyx,T,y)] < g max [F{d(x,y),d(x, T1x),d(y, T>y), d(T1x, T,¥)}]
Vx,y € X,and q € [0, 1].
Then T; and T, has a common fixed point in X. For each x,y € X, the iterative

sequence {T; " x}converges to the fixed point.

Proof: For eachlx, € Xandn > 1, xy € T;(xg),......... , Xp41 € Ty (x,) by iteration
method, we have a sequence {x,, }of point in Xby
letting x; = TyXg, X = T1Xy = T1%Xg) coe eveoee ey X1 = T1%0= T1" g, cen e .
Then,
Fld(xn+1,%2)] < F[H(Tixn, ToXy—1)]
< q maxifF {d(x,, X, 1), d(xn, T1%,), d (1, T 1), d(Ty X, Toxn 1)}
< g max[F{d(x,, xp_1), d(xpn, Xn11), A —1, X5 ), d (X 11, X ) }]
< g max[F{d(xn—_1,%n), d(Xn41, %) }]
< q[F{d(xn, xn-1)}]
= Fld (11, %,)] < q"F[d (1, %0)]
For n > m we have
Fld(x,, xpm)] < Fld(xy, Xp—1) + A1, Xn—2) + o vevvee e wee + A (15 X )
<Flq"l+q" 24+ q"3+q "+ e+ qTIF[d (x4, X0)]

m

< o FldGa,x0))

For a natural number N; let d < 0 such that% d(xq,x9) <d,vm= Nj.

Thus d(x,, x,,) < dfor n > m. Therefore {x,,} is a Cauchy sequence in X. Since (X,d) is a

complete metric space, 3 x* € X such that x,, - x* as n — co. Choose a natural number N,

such that d(x,41,%,) < (1 —1¢) % and d(x, 11, x") < (1 —1¢) %,v n > N,. We have
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Fld(Tix*,x*)] < F[H(Tyx,, T1x*) + d(Tyx,,x™)
< q max[F{d(x,, x*),d(x,, T1x,), d(x*, T1x*), d(Tyx,,, T1x*)}] + F[d(T1x,, x™)]
< q max [F{d(xp, x"), d(xp, Xn41), d(x7, T17), d(Xn 41, T1x)}] + F[d (xp41,X7)]
< g max [F{d(x,,x*),d(x,, x*)} + F{d(x", x,,)d(x*, T1x*)}]

= Fld(Tyx*,x*)] < d,vn = N;]. Thus F[d(T;x* x*)] < %,v m=>1, So,% —

Fld(T;x*,x*)] € P,Vm > 1. Since% — 0 asm — ooand P is closed, —d(T;x*, x*) € P.
But, d(T;x*,x*) € P. Therefore, d(T;x*,x*) € P = 0and so, Ty x* = x*. Now if x™ is
another fixed point of T;. Then F[d(x*,x**)] = F[d(T1x*, T1x**)] < t[d(T;x", x*) +
A7 1x*+, x*=0.

Hence x* € Tyx* = x* € Tyx™*. Therefore, x* isa fixed point of T;.

Similarly, it can be established that x* € T;x* = x* € T,x*. Thus x* is the common fixed

point of T;and T,.
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