
International Journal of Engineering, Science and Mathematics 

Vol. 7Issue 1, January 2018,  
ISSN: 2320-0294 Impact Factor: 6.765 
Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com          Double-

Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed at: 
Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A 

  
 

322 International Journal of Engineering, Science and Mathematics 

http://www.ijesm.co.in, Email: ijesmj@gmail.com 

 

 

COMMON FIXED POINT THEOREMS IN CONE METRIC SPACES 

1*
QAZI ARSHAD SHABIR, 

2
QAZI AFTAB KABIR ,

3
MASROOR MOHAMMAD. 

1*
Department of Mathematics University Institute of Technology Barkatullah University, 

Bhopal, India 

2,3
Department of Mathematics, Saifia Science College Bhopal, India. 

Abstract 

In this paper we established a fixed point theorem for multivalued contractive mappings in 

cone metric space which generalize the common unique fixed point theorem to the case of 

multivalued mappings in cone metric space. Our results are the extensions of the results 

obtained by Mohammad et.al [10] to the case of cone metric spaces.  
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1. Introduction: 

Cone metric spaces were introduced in [6]. After carefully defining convergence and 

completeness in cone metric spaces, the authors proved some fixed point theorems of 

contractive mappings. Recently,many authors have established and extended different 

type of contractive mappings in cone metric spaces see for instances [3], [4], [7], [9], The 

author [3] have also proved fixed point in cone metric space for generalized contractive 

mappings. The purpose of this paper is extension and proves the common unique fixed 

point of the results [3],[6] and [10].Our results extend the various comparable results in 

literature [4], [6], and [7] First, we recall some standard notations and definitions in cone 

metric spaces with some of their properties [3]. 
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2.Preliminaries. 

We recall the definitions and example as well as some properties of cone metric spaces which 

are necessary for a good understanding of the work below.  

Definition 2.1.[6].Let 𝐸 be a real Banach space and 𝑃 a subset of 𝐸. 𝑃 is called a cone if and 

only if 

(i) 𝑃 is closed, nonempty, and 𝑃 ≠ {0}, 

(ii) 𝑎𝑥 + 𝑏𝑦 ∈ 𝑃 ∀ 𝑥, 𝑦 ∈ 𝑃 and non-negative real number 𝑎, 𝑏; 

(iii) 𝑥 ∈ 𝑃and −𝑥 ∈ 𝑃 ⟹ 𝑥 = 0 ⇔ 𝑃 ∩  −𝑃 =  0 . 

Given a cone 𝑃 ⊂  𝐸, we define a partial ordering ≤ with respect to P by 𝑥 ≤ 𝑦 if and 

only if 𝑦 − 𝑥 ∈  𝑃. We write 𝑥 <  𝑦 to indicate that 𝑥 ≤ 𝑦 but 𝑥 ≠ 𝑦, while 𝑥 ≪  𝑦 if 

and only if 𝑦 − 𝑥 ∈  𝐼𝑛𝑡 𝑃, Int 𝑃 denotes the interior of 𝑃. 

The cone 𝑃 is called normal if there is a number 𝐾 >  0 such that for all 𝑥, 𝑦 ∈  𝐸, 0 ≤ 𝑥 ≤

𝑦 implies   𝑥 ≤ 𝐾 ≤  𝑦  . The least positive number satisfying above is called the normal 

constant of 𝑃. 

In the following, we always suppose 𝐸 is a Banach space, 𝑃 is a cone in 𝐸 with Int 𝑃 ≠  𝜑 

and ≤ is partial ordering with respect to 𝑃. 

Definition 2.2. [6] - Let X be a nonempty set. Suppose the mapping 𝑑: 𝑋 × 𝑋 →  𝐸 satisfies 

(i) 0 ≤ 𝑑 𝑥, 𝑦  ∀𝑥, 𝑦 ∈ 𝑋 and 𝑑 𝑥, 𝑦 = 0 if and only if 𝑥 = 𝑦; 

(ii) 𝑑 𝑥, 𝑦 = 𝑑 𝑦, 𝑥 ∀𝑥, 𝑦 ∈ 𝑋; 

(iii) 𝑑 𝑥, 𝑦 ≤ 𝑑 𝑥, 𝑧 + 𝑑 𝑧, 𝑦 ∀𝑥, 𝑦, 𝑧 ∈ 𝑋 

Then d is called cone metric on 𝑋, and (𝑋, 𝑑) is called a cone metric space. 

Example 2.3.  Let 𝐸 =  𝑅2, 𝑃 =  {(𝑥, 𝑦)  ∈  𝐸: 𝑥, 𝑦 ≥  0}  ⊂  𝑅2, 𝑋 =  𝑅 and 

𝑑 ∶  𝑋 × 𝑋 →  𝐸such that 𝑑(𝑥, 𝑦)  =  (| 𝑥 − 𝑦 |, ∞| 𝑥 − 𝑦 |), where ∞ >  0 is a constant. 

Then (𝑋, 𝑑) is cone metric space. 
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Definition 2.4. [6]. Let (𝑋, 𝑑)be a cone metric space. Let {𝑥𝑛} be a sequence in 𝑋 and 𝑥 ∈

 𝑋. If for every 𝑐 ∈  𝐸 with0 ≪ 𝑐, there is 𝑁 such that for all 𝑛 >  𝑁, 𝑑(𝑥𝑛 , 𝑥) ≪ 𝑐, then 

{𝑥𝑛} is said to be convergent and  𝑥𝑛 converges to x, and x is the limit of {𝑥𝑛}. We denote 

this by lim𝑛→∞ 𝑥𝑛 = 𝑥 𝑜𝑟 𝑥𝑛 →  𝑥 𝑎𝑠 𝑛 → ∞. 

Definition 2.5. [6] - Let (𝑋, 𝑑)be a cone metric space,  𝑥𝑛 be a sequence in X. If for any 

𝑐 ∈  𝐸 with 0 ≪ 𝑐, there is N such that for all 𝑛, 𝑚 > 𝑁, 𝑑 (𝑥𝑛 , 𝑥𝑚)  ≪c, then  𝑥𝑛  is called 

a Cauchy sequence in 𝑋. 

Lemma 2.6.  [6]- Let (𝑋, 𝑑) be a cone metric space, 𝑃 be a normal cone with normal constant 

K. Let  𝑥𝑛  be a sequence in 𝑋. Then 

(i)  𝑥𝑛 converges to x if and only if 𝑑 𝑥𝑛 , 𝑥 →  𝑜 𝑎𝑠 𝑛 → ∞). 

(ii) is a Cauchy sequence if and only if 𝑑 𝑥𝑛 , 𝑦𝑛 →  𝑜 𝑎𝑠 𝑛, 𝑚 → ∞). 

Proof. For every ∈> 0, choose 𝑐 ∈ 𝐸 with 0 ≪ 𝑐 and  𝑐 <
∈

4𝑘+2
. From 𝑥𝑛 → 𝑥 and 𝑦𝑛 → 𝑦, 

there is 𝑁 such that for all 𝑛 > 𝑁, 

𝑑(𝑥𝑛 , 𝑥) ≪ 𝑐 and 𝑑(𝑦𝑛 , 𝑦) ≪ 𝑐. 

We have 

𝑑 𝑥𝑛 , 𝑦𝑛 ≤  𝑑 𝑥𝑛 , 𝑥 + 𝑑 𝑥, 𝑦 + 𝑑(𝑦𝑛 , 𝑦) ≤ 𝑑 𝑥, 𝑦 + 2𝑐, 

𝑑 𝑥, 𝑦 ≤  𝑑 𝑥𝑛 , 𝑥 + 𝑑 𝑥𝑛 , 𝑦𝑛 + 𝑑 𝑦𝑛 , 𝑦 ≤ 𝑑 𝑥𝑛 , 𝑦𝑛 + 2𝑐. 

Hence 

0 ≤ 𝑑 𝑥, 𝑦 + 2𝑐 − 𝑑 𝑥𝑛 , 𝑦𝑛 ≤ 4𝑐. 

and 

 𝑑 𝑥𝑛 , 𝑦𝑛 − 𝑑(𝑥, 𝑦) ≤ 𝑑 𝑥, 𝑦 + 2𝑐 − 𝑑 𝑥𝑛 , 𝑦𝑛 +  2𝑐 ≤  4𝑘 + 2  𝑐 <∈. 

Therefore 𝑑 𝑥𝑛 , 𝑦𝑛 → 𝑑 𝑥, 𝑦 𝑎𝑠 𝑛 → ∞. 
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Definition 2.7. [3]Let (𝑋, 𝑑) be a cone metric space, if every Cauchy sequence is convergent 

in 𝑋, then 𝑋 is called a complete cone metric space. 

Lemma 2.8.[6]Let (𝑋, 𝑑)be a cone metric space, 𝑃 be a normal cone with normal constant 𝐾. 

Let  𝑥𝑛 and  𝑦𝑛 be two sequences in 𝑋; 

(i) If  𝑥𝑛 converges to x and  𝑥𝑛  converges to 𝑦, then 𝑥 =  𝑦. That is the limit of 

 𝑥𝑛  is unique, obviously limit of  𝑦𝑛 is also unique. 

(ii) If 𝑥𝑛 →  𝑥, 𝑦𝑛 →  𝑦 𝑎𝑠 𝑛 → ∞.  𝑇ℎ𝑒𝑛 𝑑 𝑥𝑛 , 𝑦𝑛 →  𝑑 𝑥, 𝑦  𝑎𝑠 𝑛 → ∞). 

 

2. MAIN RESULTS 

Theorem 3.1. Let(𝑋, 𝑑) be a complete cone metric space. Suppose that 𝑇1, 𝑇2: (𝑋, 𝑑) →

(𝑋, 𝑑) be any two contractive multivalued mapping satisfying: 

𝐹[𝐻 𝑇1𝑥, 𝑇2𝑦 ≤ 𝛼 𝐹 𝑑 𝑥, 𝑦 + 𝑑 𝑇1𝑥, 𝑇2𝑦   + 𝛽 𝐹 𝑑 𝑥, 𝑇1𝑥 + 𝑑 𝑦, 𝑇2𝑦    

+𝛾 𝐹  𝑥, 𝑇2𝑦 + 𝑑 𝑦, 𝑇1𝑥   + 𝛿
𝐹{𝑑 𝑥, 𝑇2𝑦 + 𝑑(𝑇1𝑥, 𝑇2𝑦)}

1 − 𝐹{𝑑(𝑥, 𝑇2𝑦)𝑑(𝑇1𝑥, 𝑇2𝑦)}
 

∀ 𝑥, 𝑦 ∈ 𝑋, 𝛼 + 𝛽 + 𝛾 +
1

2
𝛿 <

1

2
;  𝛼, 𝛽, 𝛾 ∈  0,

1

2
  and 1 − 𝐹 𝑑 𝑥𝑛 , 𝑇1𝑥

∗ 𝑑 𝑇1𝑥𝑛 , 𝑇1𝑥
∗  > 0. 

Then 𝑇1and𝑇2have a unique common fixed point in X. For each 𝑥, 𝑦 ∈ 𝑋, the iterative 

sequence  𝑇1
𝑛𝑥 converges to the unique fixed point. 

Proof: For all 𝑥0 ∈ 𝑋 and 𝑛 ≥ 1, 𝑥1 ∈ 𝑇1 𝑥0 , ……………… , 𝑥𝑛+1 ∈ 𝑇1 𝑥𝑛 by iteration 

method we have a sequence  𝑥𝑛  of unique point in X by letting 

𝑥1 = 𝑇1 𝑥0 , 𝑥2 = 𝑇1 𝑥2 = 𝑇1
2𝑥0, ……………… . , 𝑥𝑛+1 = 𝑇1𝑥𝑛 = 𝑇1

𝑛+1𝑥0, ……………… .. 

Then 

𝐹[𝑑 𝑥𝑛+1, 𝑥𝑛 ≤ 𝐹[𝐻 𝑇1𝑥𝑛 , 𝑇2𝑥𝑛−1  

≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛−1 + 𝑑 𝑇1𝑥𝑛 , 𝑇2𝑥𝑛−1   + 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑇1𝑥𝑛 + 𝑑 𝑥𝑛−1, 𝑇2𝑥𝑛−1    
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+𝛾 𝐹 𝑑 𝑥𝑛 , 𝑇2𝑥𝑛−1 + 𝑑 𝑥𝑛−1, 𝑇1𝑥𝑛   + 𝛿
𝐹{𝑑 𝑥𝑛 , 𝑇2𝑥𝑛−1 + 𝑑(𝑇1𝑥𝑛 , 𝑇2𝑥𝑛−1)}

1 − 𝐹{𝑑(𝑥𝑛 , 𝑇2𝑥𝑛−1)𝑑(𝑇1𝑥𝑛 , 𝑇2𝑥𝑛−1)}
 

≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛−1 + 𝑑 𝑥𝑛+1, 𝑥𝑛   + 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝑑 𝑥𝑛−1, 𝑥𝑛    

+𝛾 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛 + 𝑑 𝑥𝑛−1, 𝑥𝑛+1   + 𝛿
𝐹{𝑑 𝑥𝑛 , 𝑥𝑛 + 𝑑(𝑥𝑛+1, 𝑥𝑛)}

1 − 𝐹{𝑑(𝑥𝑛 , 𝑥𝑛)𝑑(𝑥𝑛+1, 𝑥𝑛)}
 

≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛−1 + 𝑑 𝑥𝑛+1, 𝑥𝑛   + 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝑑 𝑥𝑛−1, 𝑥𝑛    

+𝛾 𝐹 𝑑 𝑥𝑛−1, 𝑥𝑛+1   + 𝛿 𝐹{𝑑(𝑥𝑛+1, 𝑥𝑛)}  

≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛−1 + 𝑑 𝑥𝑛+1, 𝑥𝑛   + 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝑑 𝑥𝑛−1, 𝑥𝑛    

+𝛾 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝑑 𝑥𝑛−1, 𝑥𝑛   + 𝛿 𝐹{𝑑(𝑥𝑛+1, 𝑥𝑛)}  

≤ ( 𝛼 + 𝛽 + 𝛾)𝐹 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝑑 𝑥𝑛 , 𝑥𝑛−1  + 𝛿 𝐹{𝑑(𝑥𝑛+1, 𝑥𝑛)}  

⟹ 𝐹[𝑑 𝑥𝑛+1, 𝑥𝑛 ≤  
𝛼+𝛽+𝛾

1−(𝛼+𝛽+𝛾+𝛿
 𝐹[𝑑 𝑥𝑛 , 𝑥𝑛−1 ] where 

𝛼+𝛽+𝛾

1−(𝛼+𝛽+𝛾+𝛿
= 𝑆 

Hence 𝐹[𝑑 𝑥𝑛+1, 𝑥𝑛 = 𝑆𝑛𝐹[𝑑 𝑥1, 𝑥0 ] for 𝑛 > 𝑚 we have 

𝐹[𝑑 𝑥𝑛 , 𝑥𝑚  ≤ 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛−1 + 𝑑 𝑥𝑛−1, 𝑥𝑛−2  + ⋯……………… . …… . . +𝑑 𝑥𝑚+1, 𝑥𝑚   

≤ [𝑆𝑛−1 + 𝑆𝑛−2 + 𝑆𝑛−3 + 𝑆𝑛−4 +  ……………… + 𝑆𝑚 ]𝐹{𝑑 𝑥1, 𝑥0 } 

≤
𝑆𝑚

1 − 𝑆
𝐹{𝑑 𝑥1, 𝑥0 } 

For a natural number 𝑁1. Let 𝑑 < 0 such that 
𝑆𝑚

1−𝑆
𝐹 𝑑 𝑥1, 𝑥0  < 𝑑, ∀𝑚 ≥ 𝑁1. Thus 

𝑑 𝑥𝑛 , 𝑥𝑚  < 𝑑   for 𝑛 > 𝑚. 

Therefore 𝑥𝑛  is a Cauchy sequence in X. Since (𝑋, 𝑑) be complete cone metric space, 

∃ 𝑥∗ ∈ 𝑋 such that 𝑥𝑛 → 𝑥∗ as 𝑛 → ∞. Choose a natural number 𝑁2 such 

that𝐹 𝑑 𝑥𝑛+1, 𝑥𝑛  < (1 − 𝑡)
𝑑

3
 and 𝐹 𝑑 𝑥𝑛+1, 𝑥∗  <  1 − 𝑡 

𝑑

3
, ∀ 𝑛 ≥ 𝑁2. We have 

𝐹[𝑑 𝑇1𝑥
∗, 𝑥∗ ≤ 𝐹[𝐻 𝑇1𝑥𝑛 , 𝑇1𝑥

∗ + 𝑑(𝑇1𝑥𝑛 , 𝑥∗)] 
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≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥∗ + 𝑑 𝑇1𝑥𝑛 , 𝑇1𝑥
∗   + 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑇1𝑥𝑛 + 𝑑 𝑥∗, 𝑇1𝑥

∗    

+𝛾 𝐹 𝑑 𝑥𝑛 , 𝑇1𝑥
∗ + 𝑑 𝑇1𝑥𝑛 , 𝑥∗   + 𝛿

𝐹{𝑑 𝑥𝑛 , 𝑇1𝑥
∗ + 𝑑(𝑇1𝑥𝑛 , 𝑇1𝑥

∗)}

1 − 𝐹{𝑑(𝑥𝑛 , 𝑇1𝑥∗)𝑑(𝑇1𝑥𝑛 , 𝑇1𝑥∗)}
+ 𝐹[𝑑(𝑇1𝑥𝑛 , 𝑥∗)] 

≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥∗ + 𝑑 𝑥𝑛+1, 𝑇1𝑥
∗   + 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝑑 𝑥∗, 𝑇1𝑥

∗    

+𝛾 𝐹 𝑑 𝑥𝑛 , 𝑇1𝑥
∗ + 𝑑 𝑥𝑛+1, 𝑥∗   + 𝛿

𝐹{𝑑 𝑥𝑛 , 𝑇1𝑥
∗ + 𝑑(𝑥𝑛+1, 𝑇1𝑥

∗)}

1 − 𝐹{𝑑(𝑥𝑛 , 𝑇1𝑥∗)𝑑(𝑥𝑛+1, 𝑇1𝑥∗)}
+ 𝐹[𝑑(𝑥𝑛+1, 𝑥∗)] 

≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥∗ + 𝑑 𝑥𝑛+1, 𝑇1𝑥
∗   + 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝑑 𝑥∗, 𝑇1𝑥

∗   

+ 𝛾 𝐹 𝑑 𝑥𝑛 , 𝑇1𝑥
∗ + 𝑑 𝑥𝑛+1, 𝑥∗   + 𝐹[𝑑(𝑥𝑛+1, 𝑥∗)] 

≤ 𝛼 𝐹 𝑑 𝑥𝑛 , 𝑥∗ + 𝑑 𝑥𝑛+1, 𝑥∗ + 𝑑 𝑥∗, 𝑇1𝑥
∗   

+ 𝛽 𝐹 𝑑 𝑥𝑛 , 𝑥∗ + 𝑑 𝑥∗, 𝑥𝑛+1 + 𝑑 𝑥∗, 𝑇1𝑥
∗   

+ 𝛾 𝐹 𝑑 𝑥𝑛 , 𝑥∗ + 𝑑 𝑥∗, 𝑇1𝑥
∗ + 𝑑(𝑥𝑛+1, 𝑥∗)  + 𝐹[𝑑(𝑥𝑛+1, 𝑥∗)] 

 

⟹  1 − 𝑡 𝐹 𝑑 𝑇1𝑥
∗, 𝑥∗  ≤ 𝑡 𝐹 𝑑 𝑥𝑛 , 𝑥∗   + 𝑡 𝐹 𝑑 𝑥𝑛+1, 𝑥∗   + 𝐹[𝑑 𝑥𝑛+1, 𝑥∗ ] 

≤  𝐹 𝑑 𝑥𝑛 , 𝑥∗   +  𝐹 𝑑 𝑥𝑛+1, 𝑥∗   + 𝐹[𝑑 𝑥𝑛+1, 𝑥∗ ] 

Where, 𝑡 = 𝛼 + 𝛽 + 𝛾 

⟹ 𝐹 𝑑 𝑇1𝑥
∗, 𝑥∗  ≤

 𝐹 𝑑 𝑥𝑛 , 𝑥∗   +  𝐹 𝑑 𝑥𝑛+1, 𝑥∗   + 𝐹[𝑑 𝑥𝑛+1, 𝑥∗ 

 1 − 𝑡 
. 

≤
𝑑

3
+

𝑑

3
+

𝑑

3
= 𝑑, 𝑛 ≥ 𝑁1 

Thus 𝐹 𝑑 𝑇1𝑥
∗, 𝑥∗  ≤

𝑑

𝑚
, ∀𝑚 ≥ 1, so 

𝑑

𝑚
−  𝐹 𝑑 𝑇1𝑥

∗, 𝑥∗  ∈ 𝑃, ∀𝑚 ≥ 1.Since 
𝑑

𝑚
→ 0 as 

𝑚 → ∞ and P is − 𝐹 𝑑 𝑇1𝑥
∗, 𝑥∗  ∈ 𝑃. But 𝑑 𝑇1𝑥

∗, 𝑥∗ ∈ 𝑃. Therefore, 𝑑 𝑇1𝑥
∗, 𝑥∗ ∈ 𝑃 = 0 

and so, 𝑇1𝑥
∗ = 𝑥∗. Now if 𝑥∗∗is another fixed point of 𝑇1. 

Then 𝐹 𝑑 𝑥∗, 𝑥∗∗  = 𝐹 𝑑 𝑇1𝑥
∗, 𝑇1𝑥

∗∗  ≤ 𝑡[𝑑 𝑇1𝑥
∗, 𝑥∗ + 𝑑 𝑇1𝑥

∗∗, 𝑥∗∗ = 0. 

Hence 𝑥∗ ∈ 𝑇1𝑥
∗ = 𝑥∗ ∈ 𝑇1𝑥

∗∗. Therefore, 𝑥∗ is a unique fixed point of 𝑇1. 
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Similarly, it can be established that 𝑥∗ ∈ 𝑇1𝑥
∗ = 𝑥∗ ∈ 𝑇2𝑥

∗. Thus 𝑥∗is the common unique 

fixed point of 𝑇1 and 𝑇2. 

Theorem:3.2. Let (𝑋, 𝑑) be a cone metric space and let 𝑇1, 𝑇2: (𝑋, 𝑑) → 𝐶𝐵(𝑋) be any two 

multivalued mappings satisfying 𝑥, 𝑦 ∈ 𝑋, 

𝐹 𝐻 𝑇1𝑥, 𝑇2𝑦  ≤ 𝑞 𝑚𝑎𝑥 [𝐹 𝑑 𝑥, 𝑦 , 𝑑 𝑥, 𝑇1𝑥 , 𝑑 𝑦, 𝑇2𝑦 , 𝑑 𝑇1𝑥, 𝑇2𝑦  ] 

∀𝑥, 𝑦 ∈ 𝑋, 𝑎𝑛𝑑 𝑞 ∈  0, 1 . 

Then 𝑇1 𝑎𝑛𝑑 𝑇2 has a common fixed point in 𝑋. For each 𝑥, 𝑦 ∈ 𝑋, the iterative 

sequence  𝑇1
𝑛𝑥 converges to the fixed point. 

Proof: For each�𝑥0 ∈ 𝑋and 𝑛 ≥ 1, 𝑥0 ∈ 𝑇1(𝑥0),………, 𝑥𝑛+1 ∈ 𝑇1(𝑥𝑛)  by iteration 

method, we have a sequence {𝑥𝑛}of point in Xby 

letting 𝑥1 = 𝑇1𝑥0, 𝑥2 = 𝑇1𝑥1 = 𝑇1
2𝑥0, ………… , 𝑥𝑛+1 = 𝑇1𝑥𝑛=  𝑇1

𝑛+1𝑥0, ……… 

Then, 

𝐹 𝑑 𝑥𝑛+1, 𝑥𝑛  ≤  𝐹 𝐻 𝑇1𝑥𝑛 , 𝑇2𝑥𝑛−1   

≤ 𝑞 max⁡[𝐹{𝑑 𝑥𝑛 , 𝑥𝑛−1 , 𝑑 𝑥𝑛 , 𝑇1𝑥𝑛 , 𝑑 𝑥𝑛−1, 𝑇2𝑥𝑛−1 , 𝑑 𝑇1𝑥𝑛 , 𝑇2𝑥𝑛−1 }] 

≤ 𝑞 𝑚𝑎𝑥[𝐹 𝑑 𝑥𝑛 , 𝑥𝑛−1 , 𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑑 𝑥𝑛−1, 𝑥𝑛 , 𝑑 𝑥𝑛+1, 𝑥𝑛  ] 

≤ 𝑞 𝑚𝑎𝑥[𝐹 𝑑 𝑥𝑛−1, 𝑥𝑛 , 𝑑 𝑥𝑛+1, 𝑥𝑛  ] 

≤ 𝑞[𝐹 𝑑 𝑥𝑛 , 𝑥𝑛−1  ] 

⟹ 𝐹 𝑑 𝑥𝑛+1, 𝑥𝑛  ≤ 𝑞𝑛𝐹 𝑑 𝑥1, 𝑥0   

For 𝑛 > 𝑚 we have 

𝐹 𝑑 𝑥𝑛 , 𝑥𝑚   ≤ 𝐹[𝑑 𝑥𝑛 , 𝑥𝑛−1 + 𝑑 𝑥𝑛−1, 𝑥𝑛−2 +  …………… + 𝑑(𝑥𝑚+1, 𝑥𝑚) 

≤ 𝐹 𝑞𝑛−1 + 𝑞𝑛−2 + 𝑞𝑛−3 + 𝑞𝑛−4 +  ………… + 𝑞𝑚  𝐹[𝑑 𝑥1, 𝑥0 ] 

≤
𝑞𝑚

1 − 𝑞
𝐹[𝑑 𝑥1, 𝑥0 ] 

For a natural number 𝑁1 let 𝑑 < 0 such that
𝑞𝑚

1−𝑞
𝑑 𝑥1, 𝑥0 < 𝑑, ∀ 𝑚 ≥  𝑁1. 

Thus 𝑑 𝑥𝑛 , 𝑥𝑚  < 𝑑for 𝑛 > 𝑚. Therefore  𝑥𝑛  is a Cauchy sequence in 𝑋. Since (𝑋, 𝑑) is a 

complete metric space, ∃ 𝑥∗ ∈ 𝑋 such that 𝑥𝑛 → 𝑥∗ as 𝑛 → ∞. Choose a natural number 𝑁2 

such that 𝑑(𝑥𝑛+1, 𝑥𝑛) < (1 − 𝑡)
𝑑

3
 and 𝑑 𝑥𝑛+1, 𝑥∗ <  1 − 𝑡 

𝑑

3
, ∀ 𝑛 ≥ 𝑁2. We have 
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𝐹 𝑑 𝑇1𝑥
∗, 𝑥∗  ≤ 𝐹[𝐻 𝑇1𝑥𝑛 , 𝑇1𝑥

∗ + 𝑑 𝑇1𝑥𝑛 , 𝑥∗  

≤ 𝑞 𝑚𝑎𝑥[F{𝑑 𝑥𝑛 , 𝑥∗ , 𝑑 𝑥𝑛 , 𝑇1𝑥𝑛 , 𝑑 𝑥∗, 𝑇1𝑥
∗ , 𝑑 𝑇1𝑥𝑛 , 𝑇1𝑥

∗ }] + 𝐹[𝑑(𝑇1𝑥𝑛 , 𝑥∗)] 

≤ 𝑞 𝑚𝑎𝑥 [𝐹 𝑑 𝑥𝑛 , 𝑥∗ , 𝑑(𝑥𝑛 , 𝑥𝑛+1 , 𝑑 𝑥∗, 𝑇1𝑥
∗ , 𝑑 𝑥𝑛+1, 𝑇1𝑥

∗ }] + 𝐹[𝑑(𝑥𝑛+1, 𝑥∗)] 

≤ 𝑞 𝑚𝑎𝑥 [𝐹 𝑑 𝑥𝑛 , 𝑥∗ , 𝑑 𝑥𝑛 , 𝑥∗  + 𝐹 𝑑 𝑥∗, 𝑥𝑛 𝑑 𝑥∗, 𝑇1𝑥
∗  ] 

⇒ 𝐹 𝑑 𝑇1𝑥
∗, 𝑥∗  ≤ 𝑑, ∀ 𝑛 ≥ 𝑁1]. Thus  𝐹 𝑑 𝑇1𝑥

∗, 𝑥∗  ≤
𝑑

𝑚
, ∀ 𝑚 ≥ 1, So,

𝑑

𝑚
−

𝐹 𝑑 𝑇1𝑥
∗, 𝑥∗  ∈ 𝑃, ∀𝑚 ≥ 1. Since 

𝑑

𝑚
→ 0  as 𝑚 → ∞and 𝑃 is closed, −𝑑 𝑇1𝑥

∗, 𝑥∗ ∈ 𝑃. 

But, 𝑑 𝑇1𝑥
∗, 𝑥∗ ∈ 𝑃. Therefore, 𝑑 𝑇1𝑥

∗, 𝑥∗ ∈ 𝑃 = 0and so, 𝑇1𝑥
∗ = 𝑥∗. Now if 𝑥∗∗ is 

another  fixed point of 𝑇1. Then 𝐹[𝑑(𝑥∗, 𝑥∗∗)] = 𝐹 𝑑 𝑇1𝑥
∗, 𝑇1𝑥

∗∗  ≤ 𝑡 𝑑 𝑇1𝑥
∗, 𝑥∗ +

𝑑𝑇1𝑥∗∗, 𝑥∗=0. 

Hence 𝑥∗ ∈  𝑇1𝑥
∗ = 𝑥∗ ∈ 𝑇1𝑥

∗∗. Therefore, 𝑥∗ is a  fixed point of 𝑇1. 

 

Similarly, it can be established that 𝑥∗ ∈  𝑇1𝑥
∗ = 𝑥∗ ∈ 𝑇2𝑥

∗. Thus 𝑥∗ is the common fixed 

point of 𝑇1and 𝑇2. 
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